
Majhmatik� Jetik  kai Teqnologik  KateÔjunshProteinìmena Jèmata 2012Jèma 1 D�netai sun�rthsh f pou e�nai antistrèyimh kai paragwg�simh sto [α, β].a. Na apode�xete ìti:
∫ β

α

f(x)dx = βf(β) − αf(α) −
∫ f(β)

f(α)

f−1(x)dxb. D�netai f(x) = 1 + ln(
√

x − 1 + 1). Na apode�xete ìti h f e�nai 1-1 kai na bre�te thn
f−1.g. Na upolog�sete to I =

∫ 5

1
f(x)dx.LÔsh:a. E�nai

∫ β

α

f(x)dx =

∫ β

α

(x)′f(x)dx =
[

xf(x)
]β

α
−

∫ β

α

xf ′(x)dx =

=
[

xf(x)
]β

α
−

∫ β

α

f−1
(

f(x)
)

f ′(x)dxJètoume f(x) = u, �ra f ′(x)dx = du kai u1 = f(α) kai u2 = f(β), ètsi
∫ β

α

f(x)dx =
[

xf(x)
]β

α
−

∫ f(β)

f(α)

f−1(u)du = βf(β) − αf(α) −
∫ f(β)

f(α)

f−1(x)dxb. f(x) = 1 + ln(
√

x − 1 + 1), Df = [1, +∞).H f e�nai suneq  kai paragwg�simh sto (1, +∞), me
f ′(x) = 0 +

1√
x − 1 + 1

(√
x − 1 + 1

)

′

=
1√

x − 1 + 1
· 1

2
√

x − 1
=

=
1

2(x − 1) + 2
√

x − 1
> 0gia x ∈ (1, +∞), �ra h f e�nai gnhs�w aÔxousa sto [1, +∞), opìte ja e�nai 1-1 kaiepomènw or�zetai h f−1. 'Etsi

f(x) = y ⇔ 1 + ln(
√

x − 1 + 1) = y ⇔ ln(
√

x − 1 + 1) = y − 1 ⇔
√

x − 1 + 1 = ey−1 ⇔

⇔
√

x − 1 = ey−1 − 1prèpei ey−1 − 1 ≥ 0 ⇔ ey−1 ≥ 1 ⇔ y − 1 ≥ 0 ⇔ y ≥ 1.'Etsi
x − 1 = (ey−1 − 1)2 ⇔ x = e2y−2 − 2ey−1 + 1 + 1

f−1(y) = e2y−2 − 2ey−1 + 2, y ≥ 1
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Opìte f−1(x) = e2x−2 − 2ex−1 + 2, x ≥ 1.g.
I =

∫ 5

1

f(x)dx = 5f(5) − 1f(1) −
∫ f(5)

f(1)

f−1(x)dx =

= 5(1 + ln 3) − 1 −
∫ 1+ln 3

1

(e2x−2 − 2ex−1 + 2)dx =

= 4 + 5 ln 3 +

[

− 1

2
e2x−2 + 2ex−1 − 2x

]1+ln 3

1

=

= 4 + 5 ln 3 +

(

− 1

2
e2 ln 3 + 2eln 3 − 2 − 2 ln 3

)

−
(

− 1

2
e0 + 2e0 − 2

)

=

= 4 + 3 ln 3Jèma 2 D�netai h sun�rthsh f(x) =







xex

ex − 1
, x 6= 0

1 , x = 0
.A. Na melet sete thn f w pro th sunèqeia kai w pro thn paragwgisimìtht� th sto

x0 = 0.B. a. Na apode�xete ìti xex − ex + 1 > 0, gia k�je x > 0.b. Na apode�xete ìti f(x) > 1, gia k�je x > 0.g. Na upolog�sete to embadìn tou qwr�ou pou perikle�etai apì ti grafikè parast�-sei twn sunart sewn g(x) =
f(x)

x
,

h(x) =
1

x
kai ti euje�e x = 1, x = e.LÔshA. E�nai lim

x→0
f(x) = lim

x→0

xex

ex − 1

( 0

0
)

= lim
x→0

(xex)′

(ex − 1)′
= lim

x→0

ex + xex

ex
= lim

x→0
(1 + x) = 1 = f(0).'Ara h f e�nai suneq  sto x0 = 0.O lìgo metabol  th f e�nai, gia k�je x 6= 0, f(x) − f(0)

x − 0
=

xex

ex − 1
− 1

x
=

xex − ex + 1

xex − x
,opìte lim

x→0

f(x) − f(0)

x − 0
= lim

x→0

xex − ex + 1

xex − x

( 0

0
)

= lim
x→0

(xex − ex + 1)′

(xex − x)′
= lim

x→0

xex

ex + xex − 1

( 0

0
)

=

lim
x→0

(xex)′

(ex + xex − 1)′
= lim

x→0

ex + xex

ex + ex + xex
= lim

x→0

1 + x

2 + x
=

1

2
.B. a. JewroÔme th sun�rthsh g(x) = xex − ex + 1. Epeid  h g suneq  sto [0, +∞) kai

g′(x) = ex + xex − ex = xex > 0, gia k�je x ∈ (0, +∞), h g e�nai gnhs�w aÔxousa sto
[0, +∞).'Ara gia k�je x > 0 isqÔei g(x) > g(0) ⇔ xex − ex + 1 > 0.b. Gia k�je x > 0 e�nai f(x) > 1 ⇔ xex

ex − 1
> 1 ⇔ xex

ex − 1
− 1 > 0 ⇔

xex − ex + 1

ex − 1
> 0. IsqÔei diìti xex − ex + 1 > 0 lìgw tou erwt mato (a) kai ex − 1 > 0,
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gia k�je x > 0.g. Epeid  oi g kai h e�nai suneqe� sto [1, e], to zhtoÔmeno embadìn e�nai E =
∫ e

1
|g(x)−

h(x)|dx. All� gia k�je x ∈ [1, e] e�nai g(x)− h(x) > 0 ⇔ f(x)

x
− 1

x
> 0 ⇔ f(x) > 1,pou isqÔei (er¸thma b).'Ara E =

∫ e

1

(

g(x)−h(x)
)

dx =
∫ e

1

ex

ex − 1
dx−

∫ e

1

1

x
dx =

∫ e

1

(

ln(ex−1)
)

′

−
∫ e

1
(ln x)′dx =

[

ln(ex−1)
]e

1
−

[

ln x
]e

1
= ln(ee−1)− ln e+ln 1 = ln(ee−1)− ln

[

e(e−1)
]

= ln
ee − 1

e2 − e
t.m.
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