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dbotnuo o') oto drotnua A, =[6,10) | ivar yvnoiog edivovca.
des éva amod T S1LGTNHOTO

H f cuveyng oto A kot ta cOVoAn T

povotoviag tng eivoat : f(A,
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(i) 7y Ty Tov X KOVTA 67O 6 1oYVEL F(X) <4 dpa f(x)—4<0 Kovid 670 6 Kot

lim(f (x)-4)=0 emopévag lim -

X—6

N L YT

'
(== P

O ———————

e — = — = == =4

el e o N G ——

1 . 1 .
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(iii) ©@¢tovpe u="f(x limu=Ilimf(x)=0 omote : Limf(u)=f(0)<0

x—1 x—1

,emiong li )=0 kot Xx—-1>0 yo x <1 omdte Iirgxil:wo apo
_ (f 1 £(0)<0
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A" ®DAXH

B3.

B4.

H f ywoiog avgovoa kot cuvexns oto A =[4,6] dpo 10 GHvoro TIdY TG sivar

=[f(4).f(6)]=[3.4], To nef(A) Gpa vrapyst X, €(4,6) TéT010 DOTE
f(X,)=m, 10 X,povadé st n f ywoing avéovoa oto A.

(Mmopovpe emiong va kdvovue to Bedpnuo evolapécmv Tiumy yioo v f oto
[4,6] M oxoun kon Bsdpnua Bolzano yio mv cvvépmon f(x)—n oto idio

n f eiva yvncw/é

H e&lowon 1codbvapa yiveror ; &
2021(f (x)—2021)-f (x)+2021 = (x)|<,2021(f (x) - 2021)f (x) + 2021~F (x) =0

dtdoTnua)

[oyoer 4<x,<6=6<X,+2<8,010 014

pbivovoa apa f(6)>F(x,+2)>f(8)

& 2021 (x)-(f(x)= ~2021) =0« (f

To 2021 dev avnxe ovvolo Tiwav ¢ T apa 0 ywn kdbe xe A

EMOUEVOS O @ Aevtaio e&lomon €xo 202111 omoia €xel Tpelg

axpPmg pileg O1OTL:

® 0 0pBudC Hl aviker oto f( pxat X, € ) 1€1010G OGTE
f(xl):ﬁ 70 X, HOVOST noing edivovca oto A,

e 0 aplBuoc %21 v A,) Gpo vmapyet X, € A, TETOI0G OCTE

f(x,)= %21 70 vadiko ot f yvnoing avéovoa oto A,
e 0 apud avijkel 6to f(A;) apavrdpyst X, € A, T6T010G OOTE

X, povadkd dotim f yvnoimng pbivovsa oto A,
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I'l.

(o) To onpeio A(l,f (1)) avnkel oty gvbeia pe eicwon y=-2x+5
apa f(1)=-2-1+5<=f(1)=3<=a+p=3 (1)
H «\ion g gpamtopévng gvbeiog tng f oto onuei 1f (1)) givon to /(1)

onote f'(1)=2<20=-2<0=-1

Avtikafiotdvrag v Tiun tov a oty (L).mtp eLp=4 %
Apa f(x)=-x*+4,x>0 %
‘Ecto X,,X, €[0,+0) pe X, <X; 10

4

X+ 4=1(x,)>F(x,) apaqf yvnsiog

VOVOUIKT] TO

()

I2.
1 1-1 omdte avtioTpépeTa.

I'vopilovpe 011 10 0 ¢ avtiotpoeng cvvdptnong f+ e f sivan
TO GUVOLO TIUADV, f

pog X Vv e&icw
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Apa A=A, =A xa f(x)=(geh)(x) 7100 kGbe xeA emopévag ot

ocvvoptioelg f kot goh givan {oec.

(B) A-tpomog

Oétovpe U=+4-X S U =4-xXx=4-U" kor U, = limu= lim v4-x =+

X—>—0 X—>—0

lim (7 (x)+x) = lim

X—>—00 X—>—0

(m+x>: lim (u +4—y?

U—>+o0

B-tpomog

XILrpw(f’l(x)+x):XILrpw |

(\/m+x):lim —~ +x}:lim

I3. ’
(o) 'Eoto M(xl, X, yoio onueio g C,, n e€lowo EPATTOUEVNC eVOeiog
(¢) cto M f xl)f'(xl)(x—xl)©

H (g) diépygton omo6 o onpeio B(0O
8—f(x,)=F"(x,)(0-

< 8+Xx—4=2x, b x, =2

Enopévag y—f(2) =

(B) Oewpovpe ™ oV

< y-0=—4(x-2)<y=—4x+8

(x)=F (x)=F(x) ne A, =A, NA_, =[0,4]

[Teproptlo @ 610, ddotpa [1,2] oto omoio M g sivor cuveyng Kot eTTALOV
q(1)= (1)=3-v3>0 evd q(2)=—2<0 mrady q(1)-q(2)<0 Gpo
an p Bolzano vmapyet éva tovddyiotov X, €(L2) tétolo (Oote

q(X,)=0=F(%)-F7(%,)=0, Mhadn ot YPAPIKEG TOPUCTACELS TOV

ovvapticeav f,ftéuvoviar o onueio X, to omoio avhAkel oto ddoTnUa
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(Lx,),0mov X, =2 1M TETUNUEV TOL oNpElov emaEng TG EPATTOUEVIG TOV

epomuatoc (o) pe v C,

4. Tw o 6pio XILnQ)[((x24)2+x4)~nHL(f (X)_lf—l(x)) }

"Exovpe:

[((x2 —4)2 +X —4)} = XILrD0 [((x2 —4)2 —(4-

= lim | (f (x))=(f*(x))-(f (x))

lim

X—>Xo

[a Adyovc amddtntag 0to a( )énov
andé 10 T3 (P) paoeton  :  lim| g(x)
limg(x)=

~a(

X—>Xg

OEMA A

Al.  Amo m oyéo

npokvmwset Ot lim fz(x)z(xz-fz(x)—l) eR omote lim f?(x)

Enopévag : lim f2(x) = lim

g(x

)
)-m{

g(x
x) < g(x 'HM(LJSM(XN K 0¥y lim
a(x) o
epPoAn

lim (—‘q(x)‘) =0 and kpity

+
~~
—y

|
—
x>

e

)

<la(x)}-L= [a(x) éapa

it ﬁ]

q(X,
(x)

X)

=1+ lim f2(x) yw k40e x>0

X—>+0
—40 X—>+00
1+x

F2(x)=1+k yu ka0e x>0 Gpa f7(x)= 7

1+k

2

0

X—>+00 X+ X

¢ éyovpe : lim {g(x)-nu[

q(x)|=06pa o
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Apa woyder: x*-f#(x) =1y kG x>0

X2 .fz(x):1<:>f2(x):xi<:>‘f(x)‘:—@‘f(x)‘:%,acpof) x>0

2

f(x)=0<:>|f(x)|=0<:>§=0 advva.

H f coveyng oto A=(0,+0) kar d¢ pndevifetor oe avtd

TPOGM 0.

'Apa:f(x)=§x>0nf =——x>0

Oupwgn f téuver vy y = x o€ éva pod @

Av f(x)=—— x>0 tote —= % advvarn emopévag f
x>0

apov M l—x<:>x =lex=1
X

A2.

Ioyvouv:

dpo dwatnpet

() H ovvépr Q x>0 givol mapayoyicwun Foo) e f'(x) = —iz.
X
f on f'(

=-1 dpa n e&io NG epantouévng evbeiog g f

oto M gilvat:

y—f(1)=f'(1)(x-1) = y-1=- ~l=—X+lcy=-X+2

INo ta onpeio wov téuver n o ¢ T oto M toug aéoveg Exovpe:
' y =0 maipvoope x = =0 maipvoope y =2

Apa TépvVEL TOV XX i0\A(2,0) ka1 tov y'y oto onusio B(0,2)

GUVTETOYUEVES

(B) To péoo Tunuatoc AB  €yet 5
X *Xg yw (L1) to omoio tawtiletar pe To onpeio M dpa M péco tov

AB

0 Tprywvov OAB eivat i6o pe :

1
E= 2(OA) (OB):§-|XA|-|yB|:§-2-2:2r.p
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A3.

(o) H e&iowon ¢ daydviov tov tetpaydvovr OKMA egivar 1 y =X,0000 TO
onueion O(0,0) kou M(L1) omd To omoiol TEPVAEL OVIKOVY TNV SLYOTOUO TNG
TPAOTNG Kol Tpitng yoviog tov advav mov &ival 1 gvbsia v mapamave
eElowon.

Apxel va deifovpe 611 1 e&icmon g(x)=x £€yst povadikn Avon oto drdoTnua
0.1

Oswpovpe T cuvapmon h(x)=g(x)—-x,

Emmiéov h(0)=g(0)=>0xar h(1)=g(

e Av h(0)=0 1618 X,=0 MAady M g

e Av h(1)=0 1018 X,=1 IMAady

e Avoung h(0)-h(1)<0 amd po. Bolzano vrdpyet x, €(0,1)\1ét010-dpoTE

h(X,)=0<9(X,) =%,
2Oppova e o T GBe nepintwon n C, MV y =X o€ onueio
TOV OL0GTNUOTO ], emiong 7y xée X € X, <X, €yovue
g(x,)>9( >—x, Gpa h(x,)>h(x,) M M h ywnoing ebivovoa
oto0 [0,1] 4p0rT0 X, povadiko.
(*)n g yvnoiog  @bivovca [01] «xor ovvexng  dpa
9(A)=[g(1),9(0)]|<[0.1] ) Pk TG Tmapdotacn Ppioketol
olOKANpN péoa 6to TeETPdy nhadn 0<g(x)<1 yo ka0e x [0,1]

(B)

A4.

X, <X, =X <%, = 4x* <4x,? (1)

3 3 3 3 3 3
X, <X, =X, <X,” =8, <8x,” =8x%,”-1<8x," -1 (2)
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Me mpocbeon kotd péin tav (1),(2) maipvoope q(x,)<q(x,) apon qyvnoing

avéovca 610 A=[0,4+0) ko TO Obvolo TWdV TG  sivon
q(A)=[q(O), lim q(x))=[—1,+oo), oto omoio avikel 0 0 Gpa vdpyer X, >0

Té1010 OoTE (X, ) =0, 10 X, povadikd apod n g yvnoing av&ovoa.

Eoto A(a,f(a)) onpeio mg C, xor B(B,h(B) glo g C,, ot eEl6moelg
TOV EQATTOUEVOV €VOEIDV 6TO onueia avTd elv

(2):y=h(B)=h"(B)(x~B)
1

[a va £ovv Kown eantopé mpEmEL ot (&,),(&,)vo Tow o ,0vTo
ovpPaivel pdévo 6tav T0 GHG 3 von
1 1
37 -1

B 1 1
2 2 - -

20, B 2(1.2
Z= -1 |8a’=1+4a 40" +8a°-1=0

1-1
Opwg 4o’ +8a 1=0<Z>CI(OL)=O<:>Q()<:>OL=XO povadikny Oetiknh
o 1 \
iCa Gpa B= :
e @
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