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 2011 1Majhmatik� Jetik 
 kai Teqnologik 
 KateÔjunsh
 2011Jèma AA1. sel. 260A2. sel. 280A3. a. S b. S g. L d. L e. SJèma BB1. E�nai
|z − 3i| + |z + 3i| = 2 ⇔ |z − 3i| +

∣

∣z + 3i
∣

∣ = 2 ⇔ 2|z − 3i| = 2 ⇔
|z − 3i| + |z − 3i| = 2 ⇔ |z − 3i| = 1 ⇔ kÔklo
 kèntrou K(0, 3) kai ρ = 1B2. E�nai

z + 3i =
1

z − 3i
⇔ (z + 3i) (z − 3i) = 1 ⇔ (z + 3i)(z + 3i) = 1 ⇔

|z + 3i|2 = 1 ⇔
∣

∣z + 3i
∣

∣

2
= 1 ⇔ |z − 3i|2 = 1 ⇔ |z − 3i| = 1 (isqÔei)B3.

w = z − 3i +
1

z − 3i
⇔ w = z − 3i + z + 3i ⇔ w = z + z ⇔ w = 2Re(z) ∈ R

−2 ≤ 2Re(z) ≤ 2 ⇔ −1 ≤ Re(z) ≤ 1 ⇔ |Re(z)| ≤ 1 (isqÔei)Diìti, an z = x + yi, me x, y ∈ R, tìte, afoÔ
|z − 3i| = 1 ⇔ |x + (y − 3)i| = 1 ⇔

√

x2 + (y − 3)2 = 1,ja e�nai:
|Re(z)| = |x| =

√
x2 ≤

√

x2 + (y − 3)2 = 1

B4.
w = 2Re(z) = 2x

|z − 2x| = |z| ⇔ |x + yi − 2x| = |x + yi| ⇔ | − x + yi| = |x + yi| (isqÔei)Frontist rio OrìshmoΟ
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2 Panelladikè
 Exet�sei
 2011Jèma GG1.
ex

(

f ′(x) + f ′′(x) − 1
)

= f ′(x) + xf ′′(x) ⇔ exf ′(x) + exf ′′(x) − ex =
(

xf ′(x)
)

′ ⇔
(

exf ′(x) − ex
)

′

=
(

xf ′(x)
)

′'Ara apì gnwstì je¸rhma up�rqei pragmatikì
 arijmì
 c1 ¸ste exf ′(x)−ex = xf ′(x)+c1,gia k�je x ∈ R.Gia x = 0 e�nai e0f ′(0) − e0 = 0f ′(0) − 1 ⇔ c1 = −1.'Estw h(x) = ex − x, x ∈ R me h′(x) = ex − 1.
h′(x) ≥ 0 ⇔ ex − 1 ≥ 0 ⇔ ex ≥ 1 ⇔ x ≥ 0

'Ara h h e�nai gnhs�w
 fj�nousa sto (−∞, 0] kai gnhs�w
 aÔxousa sto [0, +∞), �ra sto
x = 0 èqei el�qisto to h(0) = 1 > 0.Epomènw
 ex − x > 0 gia k�je x ∈ R. E�nai

f ′(x)ex − xf ′(x) = ex − 1 ⇔ f ′(x)(ex − x) = ex − 1 ⇔ f ′(x) =
ex − 1

ex − x'Ara apì gnwstì je¸rhma up�rqei pragmatikì
 arijmì
 c2 ¸ste f(x) = ln(ex − x) + c2,gia k�je x ∈ R.Opìte afoÔ f(0) = 0 ⇔ c2 = 0.'Ara f(x) = ln (ex − x) , x ∈ R.G2. E�nai f ′(x) =
ex − 1

ex − x
, x ∈ R.
f ′(x) ≥ 0 ⇔ ex − 1

ex − x
≥ 0 ⇔ ex − 1 ≥ 0 ⇔ x ≥ 0'Ara el�qisto to f(0) = 0. Opìte f(x) ≥ 0 (1) gia k�je x ∈ R.G3.

f ′′(x) =

(

ex − 1

ex − x

)

′

=
(ex − 1)′(ex − x) − (ex − 1)(ex − x)′

(ex − x)2
=

=
ex(ex − x) − (ex − 1)(ex − 1)

(ex − x)2
=

=
e2x − xex − e2x + 2ex − 1

(ex − x)2
=

=
−xex + 2ex − 1

(ex − x)2Frontist rio OrìshmoΟ
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Panelladikè
 Exet�sei
 2011 3'Estw g(x) = 2ex − xex − 1, me g′(x) = ex(1 − x).E�nai g′(x) = 0 ⇔ ex(1 − x) = 0
ex>0⇔ 1 − x = 0 ⇔ x = 1.Ja e�nai g′(x) > 0 ⇔ ex(1 − x) > 0

ex>0⇔ 1 − x > 0 ⇔ x < 1�ra h g gnhs�w
 aÔxousa sto (−∞, 1] kaija e�nai g′(x) < 0 ⇔ ex(1 − x) < 0
ex>0⇔ 1 − x < 0 ⇔ x > 1�ra h g gnhs�w
 fj�nousa sto [1, +∞).Gia x ∈ (−∞, 1] èqoume

lim
x→−∞

(2ex − xex − 1) = lim
x→−∞

(

2 − x

e−x
− 1

)

= 0 − 1 = −1

g(1) = e − 1�ra to sÔnolo tim¸n e�nai g ((−∞, 1]) = (−1, e − 1].
• 0 ∈ g ((−∞, 1]), �ra up�rqei x1 ∈ (−∞, 1), ¸ste g(x1) = 0, �ra f ′′(x1) = 0.AfoÔ h g′ e�nai gnhs�w
 aÔxousa sto (−∞, 1] kai x < x1 ja e�nai g′(x) < g′(x1) = 0kai x > x1 ja e�nai g′(x) > g′(x1) = 0. 'Ara gia x < x1 e�nai f ′′(x) < 0 kai gia x > x1e�nai f ′′(x) > 0. Opìte sto x1 èqei shme�o kamp 
.Gia x ∈ [1, +∞) èqoume

lim
x→+∞

(2ex − xex − 1) = lim
x→+∞

((2 − x)ex − 1) = −∞'Ara g ([1, +∞)) = (−∞, e − 1].
• 0 ∈ (−∞, e − 1] �ra up�rqei x2 ∈ (−∞, e − 1) ¸ste g(x2) = 0 dhlad  f ′′(x2) = 0.AfoÔ h g′ e�nai gnhs�w
 fj�nousa sto [1, +∞) kai x < x2 ja e�nai g′(x) > g′(x2) = 0kai x > x2 ja e�nai g′(x) < g′(x2) = 0. 'Ara gia x < x2 e�nai f ′′(x) > 0 kai gia x > x2e�nai f ′′(x) < 0. Opìte sto x2 èqei shme�o kamp 
.G4. 'Estw φ(x) = ln(ex − x) − sunx. H φ(x) suneq 
 sto [

0,
π

2

] w
 �jroisma suneq¸n kai
φ(0) = −1 kai φ

(π

2

)

= ln
(

e
π

2 − π

2

)

> 0 lìgw th
 (1).Ikanopoie� ti
 pro�pojèsei
 tou J. Bolzano �ra h ex�swsh φ(x) = 0 èqei m�a toul�qistonr�za sto (

0,
π

2

).E�nai φ′(x) =
ex − 1

ex − x
+ hmx > 0, gia x ∈

(

0,
π

2

)

, diìti sto (

0,
π

2

) e�nai hmx > 0 kai
ex − 1 > 0, en¸ ex − x > 0 gia k�je x ∈ R.Opìte h φ(x) e�nai gnhs�w
 aÔxousa sto [

0,
π

2

], �ra h lÔsh e�nai monadik .Epomènw
 h ex�swsh ln(ex − x) = sunx èqei monadik  lÔsh sto (

0,
π

2

).Jèma DD1.
1 − f(x)

e2x
=

∫

−x

0

e2t

g(x + t)
dtèstw u = x + t ⇔ x = u − t �ra du = dt kaigia t = 0 e�nai u1 = x kai Frontist rio OrìshmoΟ

ρό
ση
μο



4 Panelladikè
 Exet�sei
 2011gia t = −x e�nai u2 = 0.h parap�nw sqèsh g�netai
1 − f(x)

e2x
=

∫ 0

x

e2u−2x

g(u)
du ⇔ 1 − f(x)

e2x
= − 1

e2x

∫ x

0

e2u

g(u)
du ⇔

f(x) =

∫ x

0

e2u

g(u)
du + 1afoÔ h g suneq 
 h φ(u) =

e2u

g(u)
suneq 
 w
 pr�xei
 suneq¸n �ra h f paragwg�simh me

f ′(x) =
e2x

g(x)
(1)'Omoia gia th g èqoume

g′(x) =
e2x

f(x)
(2)Apì thn (1) kai th (2) èqoume

f ′(x)g(x) = g′(x)f(x) ⇔ f ′(x)g(x) − f(x)g′(x) = 0
g(x)>0⇐⇒

f ′(x)g(x) − f(x)g′(x)

g2(x)
= 0 ⇔

(

f(x)

g(x)

)

′

= 0'Ara f(x)

g(x)
= c1. Opìte f(x) = c1 · g(x).E�nai f(0) = 1 +

∫ 0

0

e2u

g(u)
du = 1 kai g(0) = 1 +

∫ 0

0

e2u

f(u)
du = 1,�ra c1 = 1, opìte f(x) = g(x).D2. Apì (1) gia f(x) = g(x) èqoume

f(x)f ′(x) = e2x ⇔ 2f ′(x)f(x) = 2e2x'Ara (

f2(x)
)

′

=
(

e2x
)

′, opìte f2(x) = e2x + c2.'Epeid  f(0) = 1 kai e0 = 1 ja e�nai c2 = 0.'Ara f2(x) = e2x. H f suneq 
 kai f(x) > 0 gia k�je x ∈ R, �ra f(x) = ex.D3.
lim

x→0−

ln f(x)

f

(

1

x

) = lim
x→0−

x

e
1

x

( 0

0
)

= lim
x→0−

e−
1

x

1

x

DLH
=

lim
x→0−

e−
1

x · 1

x2

− 1

x2

= lim
x→0−

(−e−
1

x ) = −∞Frontist rio OrìshmoΟ
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F (x) =

∫ x

1
f(t2)dt =

∫ x

1
et2dtAfoÔ f

(

t2
)

= et2 > 0 gia k�je x ∈ R an x ∈ [0, 1] e�nai
F (x) =

∫ x

1
f(t2)dt = −

∫ 1

x

f(t2)dt ≤ 0Epomènw

E =

∫ 1

0
|F (x)|dx = −

∫ 1

0
F (x)dx = − [xF (x)]10+

∫ 1

0
xF ′(x)dx = −1F (1)+0+

∫ 1

0
xex2

dx =

1

2

∫ 1

0
2xex2

dx =
1

2

[

ex2
]1

0
=

1

2
(e1 − e0) =

e − 1

2
t.m.
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