
Majhmatik� Jetik 
 kai Teqnologik 
 KateÔjunsh
 G' Luke�ouJèma AA1. Sqolikì bibl�o sel. 304A2. Sqolikì bibl�o sel. 279A3. Sqolikì bibl�o sel. 273A3. a. S b. S g. L d. L e. SJèma BB1. E�nai
z +
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∆ = 4 − 8 = −4, �ra z1,2 =
2 ±

√
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z1 =
2 + 2i

2
= 1 + i

z2 =
2 − 2i

2
= 1 − iB2. z2

1 = (1 + i)2 = 2i
z2
2(1 − i)2 = −2i

z2010
1 + z2010

2 = (z2
1)1005 + (z2

2)1005

= (2i)1005 + (−2i)1005

= 21005 · i1005 + (−2)1005 · i1005

= 21005 · i1005 − 21005 · i1005 = 0B3.
|w − 4 + 3i| = |z1 − z2| ⇔ |w − 4 + 3i| = |1 + i − 1 + i| ⇔
|w − 4 + 3i| = |2i| ⇔ |w − 4 + 3i| = 2 ⇔ |w − (4 − 3i)| = 2'Ara o gewmetrikì
 tìpo
 twn eikìnwn tou w e�nai kÔklo
 me kèntro K(4, −3) kai ρ = 2.B4.

||w| − 5| ≤ |w − (4 − 3i)| ≤ |w| + 5 ⇔ |w − 5| ≤ 2 ⇔
−2 ≤ |w| − 5 ≤ 2 ⇔ 3 ≤ |w| ≤ 7Jèma GG1.

f ′(x) = 2 +
2x

x2 + 1
=

2x2 + 2x + 2

x2 + 1
> 0, x ∈ R'Ara h f e�nai gnhs�w
 aÔxousa sto R.G2.

2(x2 − 3x + 2) = ln

[

(3x − 2)2 + 1

(x4 + 1)

]

⇔

2x2 − 2(3x − 2) = ln[(3x − 2)2 + 1] − ln(x4 + 1) ⇔

f(x2) = f(3x − 2)
1−1⇔ x2 = 3x − 2 ⇔ x2 − 3x + 2 = 0'Ara {

x = 1

x = 2
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G3.
f ′′(x) =

(4x + 2)(x2 + 1) − (2x2 + 2x + 2) · 2x
(x2

+1)2

=
4x3 + 4x + 2x2 + 2 − 4x3 − 4x2 − 4x

(x2 + 1)2

=
−2x2 + 2

(x2 + 1)2

f ′′(x) = 0 ⇔ x = ±1

E�nai
f(−1) = −2 + ln 2 �ra A(−1, ln 2 − 2)

f(1) = 2 + ln 2 �ra B(1, ln 2 + 2)Oi exis¸sei
 twn efaptomènwn e�nai:
(ε1) : y − f(−1) = f ′(−1)(x + 1), kai f ′(−1) = 1'Ara

y = x + ln 2 − 1

(ε2) : y − f(1) = f ′(1)(x − 1), kai f ′(1) = 3'Ara
y = 3x + ln 2 − 1

{

y = x + ln 2 − 1

y = 3x + ln 2 − 1
⇔

{

x = 0

y = ln 2 − 1G.4
I =

∫

1

−1

xf(x)dx =

∫

1

−1

(

2x2 + x ln(x2 + 1)
)

dx =

∫

1

−1

2x2dx +

∫

1

−1

x ln(x2 + 1)dxE�nai:
•

∫

1

−1

2x2dx =

[

2
x3

3

]1

−1

=
2

3
−

(

−2

3

)

=
2

3
+

2

3
=

4

3
.

•
∫

1

−1

x ln(x2 + 1)dx =

∫

2

2

ln udu = 0,to opo�o prokÔptei jètonta

u = x2 + 1

du = 2xdx, �ra 1

2
du = xdx

u1 = (−1)2 + 1 = 2

u2 = 12 + 1 = 2Ο
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'Ara
I =

4

3
+ 0 =

4

3Jèma DD1. H h(t) =
t

f(t) − t
e�nai suneq 
 opìte h f paragwg�simh me

f ′(x) =
x

f(x) − x
+ 1 ⇔ f ′(x) =

x + f(x) − x

f(x) − x
⇔ f ′(x) =

f(x)

f(x) − x
, x ∈ RD2.

g′(x) = 2f(x) · f ′(x) − 2f(x) − 2xf ′(x)

g′(x) = 2f ′(x) · (f(x) − x) − 2f(x)

g′(x) = 2 · (f(x) − x) · f(x)

f(x) − x
− 2f(x)

g′(x) = 2f(x) − 2f(x)'Ara g′(x) = 0, epomènw
 g(x) = c kai epeid  f(0) = 3 ja e�nai
g(0) = (f(0))2 − 2 · 0 · f(0) = 9'Ara g(x) = 9.D3.

(f(x))2 − 2xf(x) = 9 ⇔ (f(x))2 − 2xf(x) + x2 = 9 + x2'Ara (f(x) − x)2 = 9 + x2.'Estw h(x) = f(x) − x, h(0) = 3
h2(x) = 9 + x2, 9 + x2 6= 0, �ra h(x) 6= 0.H h(x) e�nai suneq 
 kai de mhden�zetai �ra diathre� prìshmo, opìte:

h(x) =
√

9 + x2,   h(x) = −
√

9 + x2'Omw
 h deÔterh aporr�ptetai diìti h(0) = 3. 'Ara
f(x) − x =

√

9 + x2 ⇔ f(x) =
√

9 + x2 + xD4. 'Estw F (x) =

∫

x

α

f(t)dt.H F (x) ikanopoie� ti
 sunj ke
 tou J.M.T. sta diast mata [x, x + 1] kai [x + 1, x + 2].Up�rqei epomènw
 ξ1 ∈ (x, x + 1) tètoio ¸ste
F ′(ξ1) =

F (x + 1) − F (x)

x + 1 − x

=

∫

x+1

α

f(t)dt −
∫

x

α

f(t)dt

=

∫

x+1

α

f(t)dt +

∫

α

x

f(t)dt

=

∫

x+1

x

f(t)dtΟ
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'Omoia ξ2 ∈ (x + 1, x + 2) me
F ′(ξ2) =

F (x + 2) − F (x + 1)

x + 2 − x − 1

=

∫

x+2

α

f(t)dt −
∫

x+1

α

f(t)dt

=

∫

x+2

α

f(t)dt +

∫

α

x+1

f(t)dt

=

∫

x+2

x+1

f(t)dtE�nai
F ′(x) = f(x)

F ′′(x) = f ′(x) =
x +

√
9 + x2

√
9 + x2

> 0AfoÔ x +
√

9 + x2 > x +
√

x2 > x + |x| ≥ 0, �ra h F ′ e�nai gnhs�w
 aÔxousa. 'Etsi
ξ1 < ξ2 �ra afoÔ h F ′ e�nai gnhs�w
 aÔxousa, ja èqoume F ′(ξ1) < F ′(ξ2) ⇔

∫

x+1

x

f(t)dt <

∫

x+2

x+1

f(t)dt
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