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√

2| = 6 ⇔ |i + 2
√

2| · |z| = 6 ⇔
√

1 + 8|z| = 6 ⇔ 3|z| = 6 ⇔ |z| = 2.Epomènw e�nai kÔklo me kèntro O(0, 0) kai ρ = 2.b. 'Eqoume
|w − (1 − i)| = |w − (3 − 3i)| w=x+yi⇐⇒ |x + yi − 1 + i| = |x + yi − 3 + 3i| ⇔

⇔ |(x−1)+(y+1)i| = |(x−3)+(y+3)i| ⇔ x2−2x+1+y2+2y+1 = x2−6x+9+y2+6y+9 ⇔
⇔ 4x − 4y − 16 = 0 ⇔ x − y − 4 = 0 ⇔

⇔ ε : x − y − 4 = 0g. min|w| = d(O, ε) =
|1 · 0 − 1 · 0 − 4|
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2.d. E�nai d(O, ε) = 2

√
2 > 2

'Ara min|z − w| = d(O, ρ) − ρ = 2
√

2 − 2.Jèma 3 a. Arke� na deiqje� ìti lim
x→0+

f(x) = f(0). 'Eqoume:
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′
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=
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b. Gia x > 0 h f e�nai paragwg�simh: f ′(x) = ln x + 1.
f ′(x) ≥ 0 ⇔ ln x ≥ 1 ⇔ x ≥ 1

e

H f e�nai gnhs�w fj�nousa sto [

0,
1

e

] epeid  h f suneq  sto 0.H f e�nai gnhs�w aÔxousa sto [

1

e
, +∞

).An D1 =
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0,
1

e

] tìte to f(D1) =

[

f
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e

)
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=
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] epeid  f e�nai gnhs�wfj�nousa sto D1 kai f
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e
.An D2 =

(

1

e
, +∞

) e�nai f(D2) = ( lim
x→ 1

e

f(x), lim
x→+∞

f(x)) =

(

− 1

e
, +∞

) epeid  fgnhs�w aÔxousa sto D2.
lim

x→+∞

(x ln x) = (+∞) · (+∞) = +∞.Telk� f([0, +∞)) =

[

− 1

e
, +∞

)g. E�nai
x = e

α

x ⇔ ln x = ln e
α

x ⇔ ln x =
α

x
⇔ α = x ln x ⇔ f(x) = α, x > 0 (1)

• An α < −1

e
tìte α /∈ f(D1) kai α /∈ f(D2), �ra h (1) den èqei kam�a r�za.

• An −1

e
< α ≤ 0 tìte α ∈ f(D1) kai α ∈ f(D2), tìte epeid  h f e�nai gnhs�wmonìtonh se k�je èna apì ta diast mata D1 kai D2 h (1) èqei dÔo akrib¸ r�ze.

• An α > 0 tìte α ∈ f(D2) kai epeid  f gnhs�w monìtonh sto D2 h (1) èqei m�aakrib¸ r�za.
• An α = −1

e
tìte α ∈ f(D1) kai epeid  f gnhs�w monìtonh sto D1 h (1) èqei m�aakrib¸ r�za.d. Efarmìzoume to Je¸rhma mèsh tim  gia thn f sto [x, x + 1].H f paragwg�simh sto (x, x + 1)H f suneq  sto [x, x + 1] 'Ara up�rqei ξ ∈ (x, x + 1) tètoio ¸ste f ′(ξ) =

f(x + 1) − f(x)

x + 1 − x
= f(x + 1) − f(x).E�nai f ′ paragwg�simh gia x > 0, �ra f ′′(x) =

1

x
> 0 gia x > 0. Opìte f ′ gnhs�waÔxousa sto (0, +∞). Gia x < ξ < x + 1 ⇒ f ′(x) < f ′(ξ) < f ′(x + 1) �ra

f(x + 1) − f(x) < f ′(x + 1), x > 0Ο
ρό
ση
μο



Jèma 4 a. Jètoume 2
∫

0

f(t)dt = c. Apì upìjesh f(x) = (10x3 + 3x) · c − 45Epomènw
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4
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· c− 45 · 2 + 45 · 0 = c ⇔ 46c− 90 = c ⇔ 45c = 90 ⇔ c = 2b. E�nai:
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h→0
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κ
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g′(x + h) − g′(x)

h
= g′′(x)g. i. 'Eqoume:

lim
h→0

g(x + h) − 2g(x) + g(x − h)
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[

g′(x + h) − g′(x)

h
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]

=

=
1

2

(

g′′(x) + g′′(x)
)

= g′′(x)'Ara g′′(x) = f(x)+45. Opìte g′′(x) = 20x3 +6x−45+45 ⇔ g′′(x) = 20x3 +6x.
g′(x) = 20

x4

4
+ 6

x2

2
+ c1'Eqoume g′(0) = 1 ⇒ c1 = 1

g′(x) = 5x4 + 3x2 + 1 �ra g(x) = x5 + x3 + x + c2, ìmw g(0) = 1, �ra c2 = 1.Telik� g(x) = x5 + x3 + x + 1.
ii. g paragwg�simh sto R w poluwnumik . g′(x) = 5x4 + 3x2 + 1 > 0 gia k�je

x ∈ R, �ra g gnhs�w aÔxousa sto R, opìte g "1-1".
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